CHAPTER 2

Feynman path-integral formulation
of quantum mechanics

2.1 Classical action

Suppose a particle starts at initial time ¢, and point z,, and goes to a final point z; at
time tp:

(ts, zv)
z(t)

(tas Za)

Write the path of the particle between these two points as a function of ¢: z(¢) with
z(ta) = xq and z(tp) = zp. The classical path Z(¢) is singled out of all the possible paths

as the one having the least action S, given by

tp
S= [ dtL(z,i,t), (2.1)
ta
where the Lagrangian is
L=1imi®—V(z,t). (2.2)
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This minimum would remain unchanged to first order if the path is varied away from Z(t)

by the amount §z(t), such that the end-points are kept fixed:
dx(ty) = 0x(tp) = 0. (2.3)
In other words, the variation
0S = S[z + dz] — S[z], (2.4)
vanishes to first order in dz. But

tp
S|z + 6z] :/ dt L(z + 0z, & + 0%, t)
t

to : 0L oL
=/ dt (L(a:,:c, t) +5a:% +51:8—m>
be oL oL
= r— — . 2.
S[:U]-l-/ta dt (&vaj:—l-&zcax) (2.5)
Hence . .
OL|™ b d 0L 0L
_ 5 0L 4oL oL 2.
05 (Sx@a': ) /ta dtox (dt@:i: 33:)’ (2.6)

where the boundary term vanishes by (2.3). Since 0z is arbitrary, we have

doL oL _

This is the Euler-Lagrange equation and it gives the usual classical equation of motion.

2.2 Quantum mechanical propagator

Instead of only considering the classical trajectory, we now consider every possible path
between a and b. Each path contributes a different phase to the total amplitude to go from
a to b. The phase of the contribution from a given path is equal to the action S for that

path in units of the quantum of action A. This amplitude can be written as

Kba)= Y o),
from'a t0 b (2:8)

@[z (t)] = const er S,
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The probability to go from point x, at time ¢, to point z; at time #; is then
P(b,a) = [K (b, a)". (2.9)
We shall write the sum over all paths as the (path) integral:
b i
K(b,a) = / Da(t) e Sl (2.10)

although the measure Dz(t) is not defined at this stage.
Suppose that t, < t. < t. Then the action along any path between a and b can be
written as

S[b,a] = S[b, c] + Slc, a] - (2.11)

This follows from the definition of the action as an integral in time, and also from the fact
that L does not depend on derivatives higher than velocity (otherwise, we would have to

specify values of velocity and perhaps higher derivatives at point ¢). Hence
b 4
K(b,a) = / Da(t) en t5el+Sleal}, (2.12)

For any path between a and b, we split it into two parts:

Tec

.\—’\‘Jfb

ta tc tb
—>

The first part will have end points z, and x. = x(t.), while the second part will have end
points z. and xp. So we integrate first over all paths from a to ¢, then over all paths from

¢ to b, and then finally integrate over all possible values of z.:

K(bya) = / dz. /b Dx(t) e%s[b’c]K(c, a)
= / dz. K (b,c)K(c,a) . (2.13)

Similarly, if we make two divisions in all the paths, say at times t. and %4:
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Te
/ T w o
Ta
ta tc td tb
then we can write
K(b,a) = / / dz.dzy K (b, d)K (d, 0)K (¢, a) . (2.14)
T XTd
And for N intervals in the time scale:
AT R
/ / ......
Ta
ta t1 t2 ti tN—l tb

the propagator is

K(b,a):/ / / dzidzy---dzy_1 K(b,N -1)K(N —1,N — 2)

- K(i+1,1)---K(1,a). (2.15)

Now suppose N — 00, i.e., consider infinitesimal time intervals. Then the propagator

for a particle to go between two points separated by an infinitesimal time interval € is

TR 1 )
K(i+1,i) = const enSliT1il — — exp [1 /dt L]

A h
1 ) Tig1 T T Tiv1 — T tiy1+E;
= — — L . 2.1
AP [h < 2 ¢ 2 (2.16)

2.3 Schrodinger equation

Denote the probability of finding a particle at the point 2 and the time ¢ by | (x,t)|2. We

call this type of amplitude a wave function, and it differs from the other type of amplitude
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K (z9,t9;z1,t1) in that the former does not worry about where the particle originated

from. The difference between the two is just a matter of notation:
K(.’Eg,tg;.’]]l,tl) :¢($2,t2). (217)

The notation on the left-hand side gives us more information. Recalling the property

(2.13), we can write

¢($2,t2) = /oo d.’L‘g K(m2,t2;x3,t3)¢(x3,t3) . (218)

—0oQ

Physically, this means that the total amplitude to arrive at (z2,t2) [i.e., ¥(x2,t2)] is the
sum over all possible values of x3, of the total amplitude to arrive at z3 [i.e., ¥(x3,t3)],

multiplied by the amplitude to go from 3 to 2 [i.e., K(x2,t2;x3,13)]:
¢($2,t2)

K(2;3)

¢($37t3)

Consider now an infinitesimal time interval of length e. Using the approximation of

K obtained in (2.16), we have

oyt +e) = %/_w dy exp [%L(x;ry,“’”;y,t)]zp(y,t). (2.19)

For a particle moving in a potential V(z,t) in one dimension,

bz, t+e€) = %/_(: dy exp [EM] exp [—% 1% (%’yt)} by, t).  (2.20)

2
The quantity (z=y) appears in the exponent of the first factor. If y is appreciably different

€
from x, this quantity is very large and the exponential oscillates very rapidly as y varies.

So the integral over y gives a very small value. Appreciable contributions to the integral

will only occur when y is near z. Write y = = + n, so that

oo . 2 .
Y(x, t+e€) = %/_ dn exp (ZZ;Z )exp [—%V(w—i-g,t)] (x4 n,t). (2.21)
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The phase of the first exponential changes by order of one radian when 7 is of order \/eh/m,
so that most of that integral is contributed by values of 7 in this order.
Now expand (2.21) to first order in € and second order in 7:

0 1 [ 2 ; P 2 52
Wt +er = / e (”’”1 ) [1 - %vw)] [w(x,w bl O

Considering the leading term on the right-hand side, we have v (x,t) multiplied by

1
1 [ imn®\ 1 (2wihe?
Z/_oodneXp<2he>_Z( - ) . (2.23)

On the left-hand side, we just have 9 (z,t), so taking the limit ¢ — 0, we get

A= <2mhe> : . (2.24)

m

Now, recall the two integrals:

1 [ imn?
Z/_Oodnnexp< oThe ) =0,
oo o, . (2.25)
L ey (P2 =
A TP e ) T
We thus have )
oY 1€ he 01
— = - = - 2.2
or > g
A i Vi(x, ). (2.27)

This is the Schrodinger equation for a particle restricted to one dimension. It is in the
differential equation form.
The equations which result from various problems corresponding to different forms of

the Lagrangian can all be written as

L0y
ihg = Hy, (2.28)

where H is the Hamiltonian operator. In the above example, this operator is

K2 92
H = —or a3 T V(z,t). (2.29)
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Since K (2,1), thought of as a function of the variables 2, is a special wave function
(namely, that for a particle which starts at 1), we see that K must also satisfy a Schrodinger
equation. Thus, for the above case,

0 h 02

h—K(2,1) = ——
’ 8t2 ( ’ ) 2m8$22

K(2,1)+V(2)K(2,1), (2.30)
for t3 > t1. In general, we have

ihiK(Q, 1) = HyK(2,1), (2.31)
Ot

where the operator Hs acts on variables 2 only. The function K(2,1) defined by the path
integral is defined for ¢ > ¢;. It is convenient to define K(2,1) to be zero for t2 < ¢;. The
above equation is trivially satisfied for this case. However, this equation is not satisfied
when ¢ = t1, because K (2,1) is discontinuous at this point.

Now recall that

/ dzy K (23,t3; T2, t2) K(z2,t2; 21, t1) = K(x3,t3;71,t1), (2.32)

— 00

for to — t; + 0. Then in this limit,
K(.%'z,tQ;.’L’l,tl) :5(.’132 —.7,'1), (233)

since

/ da?g K($3,t3;$2,t1)5(l‘2 —.’131) = K($3,t3;$1,t1) . (234)

— 00
Hence the derivative of K(x2,t2;x1,t1) with respect to t2 gives a delta function in the

time, multiplied by the height of the jump §(zs — z1). K(2,1) therefore satisfies

ma%ff (2,1) — HyK (2,1) = ihd(x3 — £1)5(t2 — t1) - (2.35)
2

This equation could serve to define K(2,1) if one were to start out from the Schrédinger
equation as the fundamental definition in quantum mechanics. It is clear that the quantity

K(2,1) is a kind of Green’s function for the Schrédinger equation.
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2.4 Free-particle propagator

We now describe a free particle in one dimension using the path-integral approach. The
Lagrangian in this case is

L = Imi?. (2.36)

N[ =

Then the propagator is

L 2mwihe\ 2 iem (N —TN_1 2
=iy (52) [ [ o a5 (252
t€m (TN_1— TN—2 « tem (&1 — o ?
exp h 2 € exp h 2 €
. N
)

2

This can be calculated by successive application of gaussian integrals.! First notice that

2mihe A m
( - ) / dxq exp{—% (332—3?1)24-(371—950)2]}

— 00

([ 2mihe 3 o0 m , . 2 2
_< m ) (/ dxl eXp{_ﬁ[ZTl —2($2+$0)$1]}>exp{_%[a§2 +£130 ]}

—0Q0

-(50) o ey (e 4201

_ (M)_%exp{—,L(x2 —xO)Q}. (2.38)

m 2ih - 2€

Next we multiply this result by

(27rih6) 2 exp {_%(ms _ m)z} 7 (2.39)

m

[

and integrate over 5. We get

1

<M>_§exp{— m 6(173 —$0)2}a (2.40)

m

and so on. After n — 1 steps, we have

(2) ™ ey o= ). (241

m

2
L f dz exp(—p®z? & qz) = ‘/_ p(m).
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Re(K)

Fig. 1

Since ne = t,, — to,

D=

K(b,a) = (—mn(:; ~ ta) ) !

exp { im(wy — 2q)® } . (2.42)

2i(ty — to)

This is the free-particle propagator. It can be checked to satisfy the differential Schrodinger
equation y
whenever ¢, is greater than t,.

For convenience, let the point a represent the origin in both space and time. The

amplitude to go to some other point b = (x,t) is

1
i -3 . 2
K(z,t;0,0) = ( th> exp (Z;r;_ft ) i (2.44)

The real part of this amplitude is plotted in Fig. 1. As we get farther from the origin,
the oscillations become more and more rapid. If x is so large that many oscillations have
occurred, the distance between successive nodes is nearly constant, at least for the following

few oscillations. That is, the amplitude behaves much like a sine wave of slowly varying
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Re(K)

Fig. 2

wavelength. We can evaluate this wavelength A\. Changing by A must increase the phase

of the amplitude by 27, i.e.,

m(z+A)?  mz?  mzA  m)?
oy — _maT _ 2.4
" 20t ont  ht | 2R (2.45)

Assuming x > A, we can neglect the second term on the right-hand side, and so

2rh

From a classical point of view, a particle which moves from the origin to x in time interval

(2.46)

t has a velocity z/t and momentum p = m(z/t). From the quantum mechanical point of
view, when the motion can be adequately described by assigning a classical momentum p to
the particle, we have from (2.46) A = h/p, which is nothing but the de Broglie wavelength.

Instead of varying distance, we now fix x and vary time. The variation of the real
part of the propagator is plotted in Fig. 2. Both frequency and amplitude change with
t. Suppose t is very large and ignore the change in amplitude with variations of £. The

period of oscillation T is defined as the time required to increase the phase by 27. Thus

ma> ma?2 ma?2 T
2 = — = .
2ht 2h(t + T) 2ht2 \ 1+ T/t

(2.47)



2. Feynman path-integral formulation of quantum mechanics 33

By introducing the angular frequency w = 2w /T and assuming that ¢t > T, we have

m (X2
f: JES— —_— . 2-48
Y=o (t) (2.48)
Since 3 (%)2 is the classical energy E of a free particle, this equation says that
F=hw. (2.49)

2.5 Harmonic oscillator

The alert reader would have noticed that the free-particle propagator is of the form

K (b, ) ~ exp (%Scl[b, a]> , (2.50)

where S is the classical action. In fact, this property holds exactly for any Lagrangian
quadratic in z and #. Let us demonstrate this for the case of a harmonic oscillator with
the Lagrangian

L =

w3

(&% — w?z?), (2.51)
for constants m and w. The classical action is readily checked to be

mw

S, =
7 2sin w(ty — tg)

[(‘Ta2 + ‘Tb2) Cosw(tb - ta) - 2-73a-7»'b} .

As before, we shall denote the classical path between the specified end-points a and b

by Z(t). We can then write some other alternative path as z(t), with
z(t) = z(t) +n(t). (2.52)
Hence

Sla(t)] = Sz (t) + n(t)]

tp
_ /t dt {m[32 + 250 + 7] — w? (72 + 220 + 7]}

a

= S[z(t)] + / " at {man — mw’zn} +/ " at {=0” — Zw’n?}.  (2.53)

a a
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The first integral on the right-hand side consists of terms linear in 7, which vanish by the

Euler-Lagrange equations (some integrations by parts would be involved). Hence

Slz(t)] = Salb, a] +/ b dt {Z9? — Zw’n’}. (2.54)

a

Now because the path-integral does not depend on the classical path, i.e., Dx(t) =
Dn(t), we have

K(b,a) = F(ts, ty) exp ( h Sulb, a]> (2.55)

where

F(ta,tb):/OODn(t) exp (%/t dt {mi ——w2n2}) (2.56)

a

The path-integral F'(t,,1p) is over all paths n(¢) which start from and return to the point
1n = 0, and so can only be a function of the times at the end-points. In fact, it is a function
of the difference t, — t,.

Let us evaluate F'(t4,tp). For simplicity, we set t, = 0 and t, = T. Every path n(t)
going from 0 at ¢ = 0 to 0 at t = T can then be written as a Fourier sine series with a

fundamental period of T'. Thus,

n(t) = Zn:an sin (%”) . (2.57)

We may consider the paths as functions of the coefficients a,, instead of functions of 7 at
any particular value of ¢t. The Jacobian J is a constant which is independent of h, m and
w.

The integral for the action can be written in terms of the Fourier series (2.57). The

kinetic energy term becomes
T
mm nmw mmt nmt
dtn® = dt —
/O =2 nan | (T)(T)
nmw
71y (?) an, (2.58)
n
and the potential energy term becomes

T
/O dtn> =T-3) a,”. (2.59)

n
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With the time interval T' divided into N discrete steps each of length €, the path integral
da da dan N im T | rnm\?2
1 2 o L ren 2 2
/‘t/ / A “p{ggzhz[(T) w]“"}’

(2.60)
with A is defined in (2.16) and explicitly given in (2.24). Since the exponent can be

becomes

separated into factors, the integral over each coefficient a,, can be done separately. For

> day, imT [nm\2 5] 4\ _ (n’m? 9\

The path-integral then becomes

example,

. T—%
:Cme> , (2.62)

in the limit N — oo. Here, C is a constant independent of w. But for w = 0, our integral
reduces to the case of a free particle, for which we have already derived in (2.44). Hence,

for the harmonic oscillator, we have

(M

mw
F(T) = (7)
() 2mih sin wT
The full propagator is, finally,
mw 3 1w
K s = <7) o a,2 2 T _9 . . 9.
(b,a) smihemwT) &P <2hsian [(zo® + 257) cosw TaTp) (2.63)

2.6 Stationary states

The special case when the Hamiltonian H is independent of time is of great importance
in quantum mechanics. The harmonic oscillator is an example of this. In this section, we
shall relate the Schrodinger description of stationary states to the path-integral formalism.
In doing so, we shall rederive the well-known energy levels of the harmonic oscillator in

this new formalism.
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Recall that the wave function of a stationary state can be written in the form
(1) = "7 (z), (2.64)
where ¢(x) satisfies the eigenvalue equation
Ho(x) = E¢(x) . (2.65)
It is possible to choose an orthonormal basis of solutions ¢, (x) such that
/ " 42 8% (@)dn(2) = b (2.66)

Any solution to (2.65) can then be expanded as

F@)=> " andn(@), (2.67)

with -
ap, = /_ dz ¢ (x) f(x) . (2.68)

We then have the relation

f@) =X uls) [ avsi)iw

= / Ty (Z ¢n(r)¢:(y)) f). (2.69)

- n=1

In the case when f(z) = 9(z,t;1), for some time t;, we have
(o, ts) = Y ane” FE g (3), (2.70)
n=1

and hence, using (2.68),

P(z,t2) = /Oo dy (Z ¢n($)¢2(y)e_’%E"(t2_“)> P(y,t1). (2.71)

n=1
Recalling the property (2.18) of wave functions, it is now possible to express the propagator

in terms of ¢, (x):

K (w2, to;01,t1) = Y e # Pt t)g (20) % (1) (2.72)
n=1
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when t5 > t1, and zero otherwise.
The equation (2.72) can now be used to deduce the energy levels and energy eigen-

functions of the harmonic oscillator, for it implies that

1 .
(et} e (e[ + 2% cosiT — 20273) )

2mih sinwT
m .
=Y TG @) (). (2T3)
n=1
Using the relations ‘
isinwT = FeT (1 — e 2wT),
. . (2.74)
coswT = Fe“T (1 + e 2T,

we can write the left-hand side of (2.73) as
1
MW\ 2 _iwr/2 —2iwT\—3
1— 2
( wh ) ¢ (1—e )
mw 5 oy (14 e 2T Ay xoe” T
X exp {_ﬁ [(ml + z27) (1 T | T =T | [ (2.75)

—wT

If we expand this in powers of e , we obtain a series having the form of the right-hand
side of (2.73). Because of the initial factor of e~*7/2, the energy levels would be shifted
correspondingly:

E,=hw(n+1). (2.76)

The is the well-known result for the harmonic oscillator.
To obtain the corresponding energy eigenfunctions, we have to carry out the expansion

explicitly. Expanding the left-hand side of (2.73) to second order, we have

1
(mw> 2e—in/2(1 4 %e_zin 4o exp [_ %(3312 + 22

Th 2h
, 2 ;
_ %(.’1712 + $22)(e—21wT + .. ) + Tgwxlxze_’“’T +-- :| 3 (277)
or
o 1 5 5 . . 2mw i
(E)Qe—(mw/%)(ml Faa)emiwT/2(] 4 Llo=2iwT) [1+ > z1me” T

4 ; i
M 2o T (2 oy i | ] _ (2.78)

h
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From this, we see that the lowest-order term is

mw % 2 2 . i
(T ) "t/ e e T/2 = o=k gy () (1) (2.79)

This means that Ey = %hw, and

¢O(Qj) _ (%) 1 e—mwm2/2h, (280)

where we have chosen ¢g(z) to be real. The next-order term is

1
. ‘ 3 2 §
e~ WT/2gmiwT (—:r:;:) R RIC Tzwmxz = e 5 gy (22) g7 (1),  (2.81)

which implies that F; = 3hw, and

b1(x) = (”’%") : séo() . (2.82)

Higher-order terms can be analysed in the same way. These results are in agreement with

those obtained from the Schrodinger description of the harmonic oscillator.

2.7 Perturbation theory

Recall that the propagator for a particle moving from point a to b in a potential V' (z,1),

is given by
tp

K(b,a) = /ab Dar(t) exp {%

We have already seen that in some cases, K can be determined exactly, as for the harmonic

dt [2mi® — V(z,1)] } : (2.83)

ta

oscillator. This can in general be done for potentials which are quadratic in z. However,
many of the interesting potentials which arise in quantum mechanics problems are not
of this type and thus cannot be handled so easily. In this section, we study a technique
known as perturbation theory, which is useful when the effect of the potential is small.

Suppose the potential is small, or more precisely, suppose the time integral of V (z,t)
is small compared with h. Then the exponential of the potential term in (2.83) can be
written as

2

exp [—%/jbdth,t)] :1—%/ttbdtV(x,t)+% <%)2 {/t:bdtV(x,t)} Feee. (2.80)

a a
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This is the perturbative expansion. Substituting into (2.83), we get the expansion
K(b,a) = Ko(b,a) + Ky(b,a) + Ka(b,a) + - -, (2.85)

where K| is the free-particle propagator (2.42), and

i b i tp tp
Kl(b,a):—ﬁ/ Dar(t) exp (ﬁ/t dtémﬁ)/t dt, Vi(te), bl

1 b Z tp ty
Kalb,) =~ / Das(t) exp (ﬁ /t dt%m?) / dt, Viz(t.), ]

ta

< /t " dta Vit b, (2.86)

a

and so on.
Let us first consider the propagator K;. After interchanging the order of integration
over the time variable ¢, and the path z(t), we have

K1 (b, a) = —% /t At F(t). (2.87)

a

with . .
y b

F(t.) = / Dx(t) exp (%/ dt %mm2> Vize, te] . (2.88)
a ta

We have set . = z(t;) here. The path integral F(t.) can be written, like in (2.13), as a

path integral over all paths from a to ¢, and from c to b, integrated over x.:

[e's) b c
F(t.) = / dz. / Da(t) / Da(t)
i [* i [t
exp (5/ dt%m:ﬁ) V]ze, te] exp (ﬁ/ dt %mziﬂ)
t t

c a

= [ K.V @ Kale.a). (2.89)

— 0o
The meaning of this should be clear. A particle starts from a and moves as a free particle
to c. At this point, it is acted upon or scattered by the potential V(c). Thereafter, it

moves again as a free particle to b:
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The amplitude for such a scattering at time t. is given by F(t.). If this amplitude is
integrated over all possible times t, < t. < 3, we recover the first term in the perturbative
expansion (2.85).

Similarly, it can be shown that

Kb, a) = (-%)2 / dr. / dry Ko(b, d)V (d)Ko(d, )V () Ko(c, a) (2.90)

where [dr = [dt [dz. Reading from right to left, this formula means: The particle
moves as a free particle from a to c¢. At ¢, the particles gets scattered by the potential
V(c) at that point. It then moves as a free particle from ¢ to d, where it is scattered by
the potential V(d). After that, it moves from d to b, again as a free particle. We sum over
all the alternatives, i.e., all the places and times that the scattering may take place.
With this interpretation, we can describe K in the following way. It is a sum over

different ways in which the particle may move from point a to b. The alternatives are:

1 The particle may not be scattered at all [Ky(b,a)];

2 The particle may be scattered once [K1(b,a)l;

3 The particle may be scattered twice [K2(b, a)];

and so on:

K(b,a) = Ko(b,a) + Ki(bja) + Ka(b,a) +

Each one of these alternatives is itself a sum over alternatives by integrating over ¢ and z.
Conversely, given a particular scattering process, one can derive its amplitude. This

is done using the so-called Feynman rules. In this case, we associate to each line

(z1,t1) o (z2,t2)

the free propagator Ko(z2,t2;x1,t1), and to each vertex,
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V(z,t)

N

the factor —%V(m,t), followed by integration over z and ¢. In the non-relativistic quan-
tum mechanics that we are presently considering, these rules are hardly necessary to do
calculations. But in quantum field theory to be considered below, they are a great aid to

calculations.

2.8 Momentum representation

The above Feynman rules were derived in the coordinate representation. It is sometimes
more convenient to work in the momentum representation, where the Feynman rules often
simplify. So we now briefly examine this case. The momentum propagator is related to

the one in coordinate space by the formula

k(pg, Eg;pl, El) = / / //dxldt1d$2dt2 e %p2w2e%E2t2K(l‘2, tg; I, tl)e%plwle_’%Eltl .
(2.91)
Let us work out the corresponding propagator for a free particle. Using (2.42), we

first perform the spatial integrals:

//d:clda:2 e_%(m“_plwl)Ko(SIJz, to; 1,t1)

.2
(27h)5(p1 — pa) exp [—;I,;n (ts —t1)|, t2 >ty
_ (2.92)
0, to < t1.

So we are left with the integrals over 1 and t2. Make the substitution to = ¢; + 7, so that

the integral becomes

o0 . (°] . 2
/ dtle%(E2—E1)t1/ drer (B2=35)7, (2.93)

—00 0

The first of these two integrals is 2rhd(E2 — E71). The second integral is of the form

/ dre™7. (2.94)
0
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If w is real, it does not converge. So we replace w by a complex number w + z¢, for an

infinitesimal real number €. This integral then has value 5. Although the limit € — 0

is implied, we do not take the limit yet, as this would mean that the path integral would

have a pole at w = 0.
Returning to the evaluation of the propagator, we replace w with Fy — % to find
ih

ko(p2, Eo; p1, E1) = (2mh)?6(p2 — p1)d(Es — El)T- (2.95)
E1 — ﬁ + 7€

The existence of delta functions in this expression means that neither the energy nor the
momentum changes during the motion of a free particle. But these two quantities affect
the motion of the particle, as shown by the last term of this equation. So the amplitude
for a free particle to move from one point to another, with energy E and momentum p, is
proportional to

Ei—%L 1ie '
Similarly, we may introduce the Fourier transform of the potential V(x,t) by

Vz,t) = /dpdE e%(px_Et)v(p, E). (2.96)

We are now in the position to write down the Feynman rules in momentum space, from

which scattering amplitudes in terms of p and E may be derived. To each propagator

p, B

ih
p2
2m

—; and to each vertex

we include a factor of —
(27!"1)2 E— +ie

v(p, E)

we associate the factor — % (277)%v(p, E), with the appropriate delta functions for energy

and momentum conservation.

2.9 References and further reading

This chapter is almost exclusively based on Feynman and Hibbs, Quantum Mechanics and

Path Integrals, which is the most authoratative text on the subject. (But beware of a
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large number of misprints in it!) Other books are Swanson, Path Integrals and Quantum
Processes and Khandekar et. al., Path-Integral Methods and Their Applications. Shorter
treatments include Ryder, Quantum Field Theory, and Brown, Quantum Field Theory.
For applications of path integrals to other areas of physics, see Schulman, Techniques
and Applications of Path Integration or Wiegel, Introduction to Path-Integral Methods in

Physics and Polymer Science.



